We considered the problem on transversal oscillations of two-layer straight bar, which is under the action of the lengthwise random forces. It is assumed that the layers of the bar were made of nonhomogenous continuously creeping material and the corresponding modulus of elasticity and creeping fractional order derivative of constitutive relation of each layer are continuous functions of the length coordinate and thickness coordinates. Partial fractional differential equation and particular solutions for the case of natural vibrations of the beam of creeping material of a fractional derivative order constitutive relation in the case of the influence of rotation inertia are derived. For the case of natural creeping vibrations, eigenfunction and time function, for different examples of boundary conditions, are determined. By using the derived partial fractional differential equation of the beam vibrations, the almost sure stochastic stability of the beam dynamic shapes, corresponding to the nth shape of the beam elastic form, forced by a bounded axially noise excitation, is investigated. By the use of S. T. Ariaratnam's idea, as well as of the averaging method, the top Lyapunov exponent is evaluated asymptotically when the intensity of excitation process is small.
Introduction
The use of composite beams is now a real trend in many engineering applications. This trend calls for the development of efficient tools, suitable for the analysis of beams exhibiting three-dimensional effects, for which the classical beam theory assumptions are no more valid.
Transversal vibration beam problem is classical, but in current university books on vibrations we can find only Euler-Bernoulli's classical partial differential equation (see [24, 31] ) for describing transversal beam vibrations. In some monographs [25] [26] [27] , we can find a nonlinear partial differential equation for describing transversal vibrations of 2 Creeping vibrations of a nonhomogeneous beam the beam with nonlinear constitutive stress-strain relation of the beam ideal elastic material. Recently new models of the constitutive stress-strain relations of the rheological new beam materials [10] were found in books [5] and as applications in journal papers [2, 4, [19] [20] [21] [22] . In the university book by Rašković [31] , extended partial differential equation of the transversal ideally elastic beam vibration is presented with members by which influences of the inertia rotation of the beam cross-section and shear of the cross-section by transversal forces are presented.
In the paper by Tabaddor [36] , compare the experimentally and theoretically obtained single-mode responses of a cantilever beam. The analytical portion involves solving an integro-differential equation via the method of multiple scales. For the single-mode response, a large discrepancy is found between theory and experiment for an assumed ideal clamp model.
Bypassing the complexity of a full three-dimensional elasticity analysis, Crespo da Silva derived nonlinear equations governing the dynamics of 3D motions of beams.
The purpose of the paper by Fatmi and Zenzri [6] was to simplify the numerical implementation of the exact elastic beam theory in order to allow an inexpensive and large use of it. A finite element method is proposed for the computation of the beam operators involved in this theory. The discretization is reduced since only one element is required in the longitudinal direction of the beam. The proposed method is applied to homogeneous and composite beams made of isotropic materials and to symmetric and antisymmetric laminated beams made of transversely isotropic materials. Structural beam rigidities, elastic couplings, warpings, and three-dimensional stresses are provided and compared to available results.
The integral theory of analytical dynamics of discrete hereditary systems is presented in the monograph by Goroshko and Hedrih [10] and their applications are published in the following papers by Hedrih (Stevanović) [12, 13, [16] [17] [18] [19] [20] .
In the paper by Machado [37] we learn that the papers by Gemant [8] and Oldham [28] , among other cited papers, contain the basic aspects of the fractional calculus theory and the study of its properties can be addressed in these references, while research results can be found in papers by Osler [29] , Ross [32] , Campos [3] , Samko [33] , and others. We must also refer to Gorenflo and Mainardi's [9] .
In [9, 34] fractional calculus is mathematically based on corresponding integral and fractional order differential equations and in [5] fractional calculus is coupled with constitutive relation of real creeping material. In [2, 4] the authors presented new results of the stability and creeping and dynamical stability of viscoelastic column with fractional derivative constitutive relation of rod material. Papers by Hedrih (Stevanović) [19, 20] are in relation to the transversal vibrations of the beam of the hereditary material and the stochastic stability of the beam dynamic shapes, corresponding to the nth shape of the beam elastic form. Also, in [19] the transversal vibrations of the beam of the new models of the constitutive stress-strain relations material in the form of a fractional derivative order constitutive relation beam are studied, and as well, the stochastic stability of the beam dynamic shapes, corresponding to the nth shape of the beam elastic form, is examined by using ideas of S. T. Ariaratnam [1] . By Isayev and Mamedov [23] some results on dynamic stability of nonhomogenous bars are presented.
Foster and Berdichevsky [7] apply the quantitative method to estimate the violation of Saint-Venant's principle in the problem of flexural vibration of a two-dimensional strip. A probabilistic approach is used to determine the relative magnitude of the penetrating stress state and the results of computations are presented as a function of frequency. The results are not dependent on material properties except for the Poisson ratio. The major conclusion of these papers is that over a wide range of frequencies, the maximum propagating stress is always small compared with the maximum applied stress; hence, Saint-Venant's principle may be said to apply to this problem. An interesting outcome of the study is that the accuracy of engineering theories for flexural vibrations is much higher than for longitudinal vibrations.
In [1] the stochastic stability of viscoelastic systems under bounded noise excitation by S. T. Ariaratnam is investigated and some new interesting results for applications are found. The paper by Parks and Pritchard [30] is a contribution on the construction and the use of the Lyapunov functionals. The monograph by Stratonovich [35] is the monograph with topics in the theory of random noise used in [1] and in this paper. Asymptotic method of averaging applied to the nonstationary nonlinear processes and to the nonlinear vibrations of deformable bodies is the topic of the three monographs [25] [26] [27] . Krilov-Bogolyubov-Mitropol'skiȋ's method is presented in the book by Hedrih (Stevanović) [14, 15] . This paper contains new results on transversal vibrations on nonhomogeneous beams based on the contents of the cited references and books.
Model of creeping rheological body
For modeling processes of solidification and relaxation, models of Kelvin's viscous-elastic material and Maxwell's ideal-elastic-viscous fluid are being used. In their paper, Goroshko and Puchko [11] have used model of standard hereditary body to modeling dynamics of mechanical systems with rheological links. Studying elements of mechanics of hereditary systems in their monograph, G. N. Savin and Yu. Ya. Ruschisky gave survey of both structure and analysis of the rheological models of simple and complex laws for linear deformable hereditary-elastic media, as well as theory of growing old of hereditary-elastic systems.
Recently, there is a noticeable interest in using fractional derivatives to describe creep behavior of material. In solid mechanics particularly for describing problems related to material creep behavior including viscoelastic and viscoplastic effects, fractional derivatives have a longer history (see [5, 9] ). Mathematical basis of the fractional derivative and short complete of fractional calculus are presented in the monograph paper by Gorenflo and Mainardi [9] .
The paper by Dli et al. [4] contains the consideration of dynamical stability of viscoelastic column with fractional derivative constitutive relation. The paper by Bačlić and Atanacković [2] considered stability and creep of a fractional derivative order viscoelastic rod.
We introduce that material of the one layer beam is a creeping material. Parameters of the beam creep material are the following: α is proper material constant of the characteristic creep law of material, E 0 and E α are modulus of elasticity and creeping properties of material.
Creeping vibrations of a nonhomogeneous beam
By using stress-strain relation from the cited references, a single-axis stress state of the creep hereditary-type material is described by fractional order time derivative differential relation in the form of three-parameter model. For line element of beam creep material, constitutive stress-strain state relation is expressed by fractional derivative constitutive relation in the following form:
where
is notation of the fractional derivative operator defined by the following expression:
where α is ratio number from interval 0 < α < 1; σ z (z, y,t) is normal stress in the point of cross-section of the line element, at distance z from the left beam end and at point with distance y from neutral axis-bending beam axis; ϕ(z,t) is turn angle of the beam crosssection for pure bending; and ε z (z, y,t) = y(∂ϕ(z,t)/∂z) is dilatation of the line element.
Partial fractional differential equation
The formulation of the problem of stochastic stability of nonhomogenous creeping bars of a fractional order derivative constitutive relation of material is assumed to be a continuous function of the length coordinate. Let us consider the problem on transversal oscillations of two-layer straight bar, which is under the action of the lengthwise random forces. The excitation process is a bounded noise excitation. It is assumed that the layers of the bar were made of continuously creeping nonhomogenous material and the corresponding modulus of elasticity and creeping fractional order derivative constitutive relation of each layer are continuous functions of the length coordinate and thickness coordinates and are changed under the following laws (see Figure 3 .1):
In this case connection between increments of stresses and deformations in each layer is represented in view:
Here h 1 and h 2 are thicknesses of the corresponding layers. Dilatations are
where ϕ(z,t) is angle of pure bending. The normal stress of pure bending is
(3.5)
From the equilibrium conditions we can write
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(3.8)
If we introduce the following notations: 9) or set the following form:
we can write the previous equilibrium conditions in the following relations:
and write the following expression for bending moment:
e (z)
0α a
Katica (Stevanović) Hedrih 7 also with respect to the relations (3.10) we can write (3.12) in the following form:
0α b f
We take into account the rotatory inertia of cross-section and we can write the following equations of bar dynamics:
(3.14)
If we introduce
we can write 
After applying derivative with respect to time, we can write
17) 
0α b a 
∂ϕ(z,t) ∂z
By introducing the following notations:
we obtain the following partial fractional differential equation of transversal vibrations of creeping of two-layer straight bar, which is under the action of the lengthwise random forces:
Katica (Stevanović) Hedrih 9 We study the following special case: from (3.21), we exclude members which contain axial forces, or we suppose that axial forces are equal to zero, and we solve the following equation:
and we can write
Solution of the partial fractional differential equation of the beam transversal vibrations with creep material properties
By using Bernoulli's method for obtaining solution and for solution of the partial fractional differential equation (3.24), we can write a product of the two functions depending on separate coordinate z and time t in the following form:
By introducing this solution into (3.24) we obtain
or we obtain two equations 
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(4.7)
We can obtain the solution of the fractional differential equation of system (4.5) by using the Laplace transform, and by having in mind that, in initial moment, 
(4.8)
By using inverse of the Laplace transform of the solution L{T(t)}, for general case, when beam material parameter is from interval 0 ≤ α ≤ 1, for solution of the fractionaldifferential equation of system (4.5), we obtain the following expression in the form of potential series of the time t:
. 
The S. T. Ariaratnam idea applied to the stochastic stability of the creep beam transversal vibrations dynamic shapes under axial bounded noise excitation
In the case
equation (3.21) transforms to the form To solve the previous equation we can apply Ariaratnam's idea [1] . The random bounded noise axial excitation ξ(t) is taken in the following form: The next idea of Ariaratnam is to apply the averaging method, and for that reason we must introduce the amplitude a n (t) and the phase Φ n (t), which are time unknown functions, by means of the transformation relation of T n (t):
